INTRODUCTION
In spite of the possible difficulties in determining, in practice, if a measured Mueller matrix can be considered as being singular or not because of the limited precision of the experimental data, singular Mueller matrices play an important role in Mueller algebra, as well as in the understanding of the polarimetric behavior of certain kinds of media, and thus deserve a specific study.
Obviously, experimentally determined Mueller matrices are affected by errors, and in accordance with the precision of the polarimetric device, it is necessary to establish appropriate criteria for deciding if a measured Mueller matrix exp A family of media whose associated Mueller matrices are singular is constituted by polarizers and analyzers (linear, circular, or elliptic in general), which are quite common in experimental arrangements. Polarizers are provided by optical industry in the form of polarizing film sheets (dichroic polarizers), crystalline components (Glan-Taylor, GlanThompson, Rochon…), wire grid elements, etc. with very efficient extinction ratio, so that their representation by means of singular Mueller matrices is usually justified.
Moreover, polarizers and analyzers, characterized respectively by unit polarizance and unit diattenuation are not the only devices with a singular Mueller matrix; specific media with depolarizing behavior are also characterized by Mueller matrices with zero determinant.
Therefore, the aim of this work is to formally determine, parameterize and geometrically represent the polarimetric properties of media whose associated Mueller matrices are singular. To do so, we consider first, in Sec. 2, several approaches for the serial decomposition of a given Mueller matrix M , which provide the appropriate framework for identifying certain classes of components that are characterized by singular Mueller matrices. Section 3 deals with the geometric representation of M through a set of characteristic ellipsoids that adopt particular degenerate forms when M is singular. Then Section 4 is devoted to the analysis, classification and representation of the different kinds of singular Mueller matrices.
To simplify some mathematical expressions, let us bring out the partitioned block expression of a Mueller matrix [1] , where the D and P are respectively called the diattenuation vector and the polarizance vector of M [2] . The absolute values of these vectors are called diattenuation, D ≡ D and polarizance, P ≡ P .
Both polarizance P and diattenuation D have dual nature depending on the direction of propagation of light (forward or reverse) [3, 4] ; D is both the diattenuation of M and the polarizance of the reverse Mueller matrix ( ) ( ) 
SERIAL DECOMPOSITIONS OF SINGULAR MUELLER MATRICES
A serial decomposition of a Mueller matrix M consists in representing M as a product of particular Mueller matrices. Its physical meaning is that the whole system is considered as a pile of polarization components disposed sequentially along the pathway of the probing electromagnetic wave. This arrangement of the components constitutes the serial equivalent system. Prior to summarizing such approaches for the serial decomposition of a given Mueller matrix M that will be useful for the study of singular Mueller matrices, let us recall that, in general, both the polar decomposition and the singular value decomposition of M lead to unphysical components [3] , and thus, other decompositions ensuring their own physical realizability have to be considered.
A. Generalized polar decomposition
The generalized polar decomposition (also called Lu-Chipman decomposition or forward decomposition) is formulated as [2] ( ) 
where the normalized symmetric matrix M D represents a diattenuator whose diattenuation-polarizance vector D is equal to the diattenuation vector of M ; the orthogonal matrix M R represents a retarder, and the normalized depolarizer matrix ˆΔ M P , with Observe that the decomposition (3) can also be expressed as [8] ( ) 00 00 00ˆˆˆ,ˆˆ, 
where the normalized depolarizer ˆΔ M D exhibits nonzero diattenuation and zero polarizance, while the retarder M R coincides with that of the forward decomposition.
As with the forward decomposition, the reverse decomposition (6) can be transformed into the following alternative forms [9] ( ) 00 00 00ˆˆˆ,ˆˆ,
Note that, as indicated above, the normalized diattenuators M 
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The procedure for the calculation of the components of the symmetric decomposition, including the case of M being singular, can be found in Refs. [11, 18] .
CHARACTERISTIC ELLIPSOIDS OF A MUELLER MATRIX
The combination of the above serial decompositions and the geometric representation of Mueller matrices through representative ellipsoids provides a privileged framework for the analysis and interpretation of the different types of singular Mueller matrices. This section is devoted to the identification and parameterization of the characteristic ellipsoids as a necessary step prior to the case study dealt with in the following section. Normalized Stokes vectors are commonly parameterized as ( ) ( ) 
where ϕ is the azimuth ( ) 
The P-image of M is defined as the surface constituted by points
Since ′ p p is independent of 00 m , the normalized Mueller matrix It has been demonstrated that the P-image of a given Mueller matrix M is an ellipsoid [19, 20] , hereafter called the forward ellipsoid ΔP E . Furthermore, since the transposed Mueller matrix M T is also a Mueller matrix [3, 7, [20] [21] [22] , it has also an associated ellipsoid ΔD E , hereafter called the reverse ellipsoid of M . Note that, since a physical Mueller matrix does not overpolarize (i.e., satisfies the Stokes criterion [12] ), the representative ellipsoids ΔP E and ΔD E do not protrude outside the unit sphere.
Let us now consider the forward decomposition 
so that, for any input totally polarized Stokes vector ŝ p , the output Stokes vector ′ s provided by ˆΔ M L P is given by
The diagonal right matrix factor in Eq. (18) 
In summary, the P-image of M results in a forward ellipsoid ΔP E with semiaxes ( )
, ,
, which is tilted with respect to the Poincaré's reference frame 1 2 3 S S S by the rotation effect produced by M Rf and whose displacement from the central position is given by vector Δ
The complete geometric information involved in the forward ellipsoid ΔP E consists of nine independent parameters, namely: the three semiaxes ( )
, , , ,
These nine geometric parameters determining the shape and the location of ΔP E , do not provide sufficient information to recover all the fifteen elements of M . Nevertheless, complementary information can be obtained by additionally considering the P-image of M T [20] . Since M T can be expressed as , ,
, its principal axes are tilted with respect to the Poincaré's reference frame E that reduce the number of independent geometric quantities to fifteen [20] . 
SINGULAR MUELLER MATRICES
From Eqs. (8) and (9) 
and consequently, leaving aside the trivial case of the zero Mueller matrix Note that a depolarizing polarizer M PD depends on six independent parameters specified by 
0, 0, 0
Therefore, the type-I canonical ellipsoid Δd E of M PD degenerates into a single point located at the origin.
Depolarizing polarizers are characterized by the fact that the output state of polarization is fixed and totally polarized, so that any serial combination of an arbitrary depolarizing medium followed by a polarizer produces a depolarizing polarizer. As an example, let us consider the serial combination 
so that the type-I canonical ellipsoid Δd E of M PD degenerates into a single point located at the origin.
Depolarizing analyzers are characterized by the fact that the output state of polarization is fixed and partially polarized, so that any serial combination of a polarizer followed by an arbitrary depolarizing medium produces a depolarizing analyzer. As an example, let us consider the serial combination Δ M M I D , so that the resulting depolarizing analyzer has the particular form general property of depolarizing analyzers that, despite that they can be considered as containing a polarizer as serial component (followed by a depolarizing component), their depolarization index Δ P is always less than one.
C. Polarizer
the Mueller matrix is pure (and hence, is of type-I) and corresponds to a polarizer, which, in general, is non-normal [22, 23] , or inhomogeneous [24] , in the sense that the equality
does not necessarily hold. The Mueller matrix of any polarizer has the form
The forward and reverse depolarizers ˆΔ M P and ˆΔ M D , as well as the forward and reverse reduced forms ˆΔ M L P and ˆΔ M L D of any polarizer are given by the identity matrix, so that
Due to the peculiar properties of ˆM PD (pure and singular), its symmetric decomposition can be taken as is undetermined. In fact, when the rightmost and leftmost components of a serial combination of Mueller matrices are both polarizers, the composed medium necessarily behaves as a polarizer, and even the sandwich 
D. Singular depolarizer
The case study is completed by considering a singular depolarizer, characterized by an associated Mueller matrix
, it does not correspond either to a polarizer (i.e., Note also that, since a depolarizing Mueller matrix can always be considered as a convex sum (or ensemble average) of pure Mueller matrices [25] [26] [27] [28] , the existence of singular depolarizers reflects the fact that certain statistical mixtures of Mueller matrices result in an overall singular Mueller matrix. A simple example of this behavior can be synthesized by means of a parallel combination of a neutral filter whose Mueller matrix is the identity matrix and a half-wave plate oriented at 0º, ( ) 
This matrix preserves the input intensity and exhibits both zero diattenuation and polarizance ( )
, but nevertheless produces output states whose circular and ±45º-linear Stokes vector components vanish (i.e., the fractions of the intensity associated with these components are totally randomized).
The symmetric decomposition (10) provides a particularly insightful way to analyze the properties of singular depolarizers. In fact, In accordance with the above analysis, when considering type-I singular depolarizers, the following cases can be distinguished:
degenerates into an ellipse. Therefore, the forward and reverse ellipsoids degenerate into respective ellipses whose semiaxes satisfy The above case analysis of the geometric features of Type-II singular depolarizers is summarized in Table 3 .
CONCLUSION
Through the framework of the forward [2] , reverse [8] and symmetric [11] serial decompositions of depolarizing Mueller matrices, singular Mueller matrices have been interpreted and classified in a systematic way. Besides depolarizing polarizers ( )
and polarizers ( )
, an additional family of depolarizing media, that of the singular depolarizers, simultaneously satisfying Tables 1, 2 and 3, which show their geometric representation through the corresponding characteristic ellipsoids:
• Polarizers are characterized by the fact that Δ P E reduces to a single point lying on the surface of the unit sphere.
• Analyzers are characterized by the fact that Δ D E reduces to a single point lying on the surface of the unit sphere.
• Pure polarizers are characterized by the fact that both Δ P E and Δ D E reduce to corresponding single points lying on the surface of the unit sphere.
• Type-II singular depolarizers are characterized by the fact that o The three characteristic ellipsoids are segments. The fact that one of the characteristic ellipsoids is a segment implies that the other two have likewise the shapes of segments. The number of contact points with the surface of the unit sphere is the same for the three degenerate ellipsoids, with the following two possibilities:
Both end-points of each segment are located inside the unit sphere, without contact with its surface. This occurs when Table 1 . Classification and properties of polarizers and analyzers. 
